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. Courant and Weinstein $[$ 1988$]$
,
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. , $P$ , $TP$ $T^{*}P$
$\langle\cdot,$ $\cdot\rangle$ , $TP\oplus T^{*}P$ , $X,\overline{X}\in TP$ $\alpha,\overline{\alpha}\in T^{*}P$
,
$\langle\langle(X, \alpha),$ $(\overline{X},\overline{\alpha})\rangle\rangle:=\langle\alpha,\overline{X}\rangle+\langle\overline{\alpha},$ $X\rangle$
, $P$ , $D_{P}=D_{P}^{\perp}$
$D_{P}\subset TP\oplus T^{*}P$
. , $D_{P}^{\perp}$ , $x\in P$ ,
$D_{p}^{\perp}(x)=\{(u_{x},$ $\beta_{x})\in T_{x}P\cross T_{x}^{*}P|\alpha_{x}(u_{x})+\beta_{x}(v_{x})=0$ , for all $(v_{x},$ $\alpha_{x})\in D_{P}(x)\}$
. ,
, $D_{P}$ $(X_{1}, \alpha_{1}),(X_{2}, \alpha_{2}),$ $(X_{3}, \alpha_{3})$
$\langle f_{X_{1}}\alpha_{2},$ $X_{3}\rangle+\langle f_{X_{2}}\alpha_{3},$ $X_{1}\rangle+\langle f_{X_{3}}$. $\alpha_{1},$ $X_{2}\rangle=0$
. , $\mathcal{L}_{X}$ , $M$ $X$ .
$[$ , 1: $\Gamma(TP\oplus T^{*}P)\cross\Gamma(TP\oplus T^{*}P)arrow\Gamma(TP\oplus T^{*}P)$, ,
$[(X, \alpha),$ $(Y, \beta)I:=([X, Y],$ $f_{X} \beta-f_{Y}\alpha-\frac{1}{2}d(\beta(X)-\alpha(Y)))$
$I\Gamma(D_{P}),$ $\Gamma(D_{P})I\subset\Gamma(D_{P})$ for $(X, \alpha),$ $(Y, \beta)\in\Gamma(D_{P})$
. , .
. Yoshimura and Marsden $[2006a]$ , $Q$
. $Q$ $n$ ,
$q=(q^{1}, \ldots, q^{n})$ . , $\triangle_{Q}\subset TQ$
. , $q$ ,
$\triangle_{Q}(q)=\{v\in T_{q}Q|\langle\omega^{a}(q), v\rangle=0, a=1, \ldots, m<n\}$
. , $\omega^{a}$ $m$ $Q$ 1 . $\Delta_{Q}\subset TQ$ , $q$ $a$ ,
$n-m$ . , $T^{*}Q$ $\triangle_{TQ}$
$\Delta_{TQ}=(T\pi_{Q})^{-1}(\triangle)\subset TT^{*}Q$
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. , $T\pi_{Q}$ : $TT^{*}Qarrow TQ$ $\pi_{Q}$ : $T^{*}Qarrow Q$ . , $\triangle_{T^{*}Q}$
$\triangle_{T^{*}Q}^{o}$ , $z=(q,p)\in T^{*}Q$ ,
$\triangle_{TQ}^{o}(z)=\{\alpha_{z}\in T_{z}^{*}T^{*}Q|\langle\alpha_{z}, w_{z}\rangle=0, \forall w_{z}\in\triangle_{T^{*}Q}(z)\}$
.
$T^{*}Q$ $\Omega$ . , $z=(q,p)\in T^{*}Q$
,
$D_{\triangle_{Q}}(z)=\{(v_{z}, \alpha_{z})\in T_{z}T^{*}Q\cross T_{z}^{*}T^{*}Q|v_{z}\in\triangle_{T^{*}Q}(z)$ ,
$\alpha_{z}(w_{z})=\Omega_{\triangle_{Q}}(z)(v_{z}, w_{z}),$ $\forall w_{z}\in\triangle_{TQ}(z)\}$ (1)
$D_{\Delta_{Q}}\subset TT^{*}Q\oplus T^{*}T^{*}Q$ , $T^{*}Q$ . ,
$\Omega_{\Delta_{Q}}$ , $\Omega$ $\triangle_{TQ}$ . (1) .
, $\Omega^{b}$ : $TT^{*}Qarrow T^{*}T^{*}Q$ $\Omega$ , $D_{\triangle_{Q}}$ ,
$D_{\triangle_{Q}}(z)=\{(w_{z}, \alpha_{z})\in T_{z}T^{*}Q\cross T_{z}^{*}T^{*}Q|w_{z}\in\triangle_{TQ}(z)$,
$\alpha_{z}-\Omega^{b}(z)\cdot w_{z}\in\triangle_{T^{*}Q}^{o}(z)\}$ (2)
. $D_{\triangle_{Q}}$ $\triangle_{Q}$ $T^{*}Q$ .
. $n$ $Q$ $\mathbb{R}^{n}$ $U$ , $Q$
$q^{1},$
$\ldots,$
$q^{n}$ . $\triangle_{Q}$ , $q\in U$ $\triangle(q)\subset \mathbb{R}^{n}$ , $TQ$
. $n-m$ , $\triangle(q)$ $e_{m+1}(q),$ $e_{m+2}(q),$ $\ldots,$ $e_{n}(q)$
.
, $\pi_{Q}$ : $T^{*}Qarrow Q$ , $z\in T^{*}Q$ $(q, p)$ , $(q,p)\mapsto q$
. $T\pi_{Q}$ : $(q,p,\dot{q},\dot{p})\mapsto(q,\dot{q})$ , $\triangle_{T^{*}Q}$ ,
$\triangle_{T^{*}Q}(z)=\{v_{(q,p)}=(q,p,\dot{q},\dot{p})|q\in U,\dot{q}\in\triangle(q)\}$
. $T^{*}T^{*}Q$ $\alpha_{(q,p)}=(q,p,$ $\alpha,$ $w)$ . , $\alpha$ $w$ . $\triangle_{T^{*}Q}$
$\triangle_{T^{*}Q}^{o}$ , ,
$\Delta_{T^{*}Q}^{o}(z)=\{\alpha_{(q,p)}=(q,p, \alpha, w)|q\in U,$ $\alpha\in\triangle^{o}(q),$ $w=0\}$
. , $\triangle^{o}$ $\triangle$ . , $\Omega$ $\Omega^{b}$ : $TT^{*}Qarrow T^{*}T^{*}Q$
, $z=(q,$ $p)$ ,
$\Omega^{b}(z)\cdot v_{z}=(q,p, -\dot{p},\dot{q})$






$D_{\triangle_{Q}}(z)=\{((q,p,\dot{q},\dot{p}), (q,p, \alpha, w))|\dot{q}\in\Delta(q), w=\dot{q}, \alpha+\dot{p}\in\triangle^{o}(q)\}$ (3)
.
3
, $T^{*}Q$ $D_{\Delta_{Q}}$ ,
. , 1 ,
.
. $Q$ , $L:TQarrow \mathbb{R}$ . , $L$
. $\mathbb{F}L:TQarrow T^{*}Q$ $L$
$\mathbb{F}L(v)\cdot w=\frac{d}{ds}|_{s=0}L(v+sw)$
. , $v,$ $w\in T_{q}Q$ , $\mathbb{F}L(v)\cdot w$ , $L$ $v$ $w$ $T_{q}Q$
. $\mathbb{F}L$ , $q\in Q$ , $T_{q}Q$
$T_{q}^{*}Q$ . $TQ$ $(q, v)$ , $L$ , ,
$\mathbb{F}L(q, v)=(q,$ $\frac{\partial L}{\partial v})$
. ,
$p= \frac{\partial L}{\partial v}$
. , $(q, p)$ $T^{*}Q$ .
, $\mathbb{F}L:TQarrow T^{*}Q$ , ,
, $L$ , $\triangle_{Q}\subset TQ$ $\mathbb{F}L$
$P=\mathbb{F}L(\triangle_{Q})\subset T^{*}Q$ , . $\triangle_{Q}=TQ$ ,
$P$ , , 1 . ,






. , 1 ,
.
. $L:TQarrow \mathbb{R}$ , $E:TQ\oplus T^{*}Qarrow$
$\mathbb{R}$
$E(q, v,p):=\langle p,$ $v\}-L(q, v)$
. $E$ $dE:TQ\oplus T^{*}Qarrow T^{*}(TQ\oplus T^{*}Q)$ , ,
$dE(q, v,p)=(-\frac{\partial L}{\partial q},p-\frac{\partial L}{\partial v},$ $v)$
. , $(q, v,p)\in TQ\oplus T^{*}Q$ , $dE(q, v,p)$ : $T_{(q,v,p)}(TQ\oplus T^{*}Q)arrow \mathbb{R}$
$T_{(q,v,p)}(TQ\oplus T^{*}Q)$ . ,
$\triangle_{Q}\subset TQ$ , , $P=\mathbb{F}L(\triangle_{Q})$ $(q,p)$
$T_{(q},{}_{p)}P$
$dE(q,$ $v,p)|_{TP}=(q,p,$ $- \frac{\partial L}{\partial q},$ $v)$ (4)
. , $p=\partial L/\partial v$ .
. $X$ : $TQ\oplus T^{*}Qarrow TT^{*}Q$ . , ,
$X(q,v,p)=(q,p,\dot{q},\dot{p})$ (5)
. ,
$(X(q, v,p), dE(q, v,p)|_{TP})\in D_{\triangle_{Q}}(q,p)$ (6)
$(E, X, D_{\triangle_{Q}})$ . (3)$-(6)$
$\dot{q}=v\in\Delta(q)$ , $\dot{p}-\frac{\partial L}{\partial q}\in\triangle^{o}(q)$ , $p= \frac{\partial L}{\partial v}$
.
. $(E, X, D_{\triangle_{Q}})$ $(q(t), v(t),p(t)),$ $t_{1}\leq t\leq t_{2}$ , $(q(t),p(t))=$
$\mathbb{F}L(q(t), v(t))$ , $(q(t),p(t))$ $X$ .
. $Q$ $n$ . , $Q$ 1 $\omega^{1},$ $\omega^{2},$ $\ldots,$ $\omega^{m}$ ,
, 1 $\omega^{1},$ $\omega^{2},$ $\ldots,$ $\omega^{m}$ $\triangle(q)$ $\Delta^{o}(q)$
$\triangle(q)=\{v^{i}\in \mathbb{R}^{n}|\omega_{i}^{a}(q)v^{i}=0, a=1, \ldots, m\}$
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. , $\omega^{a}=\omega_{i}^{a}(q)dq^{i},$ $a=1\ldots.,$ $n\iota$ . $\mu_{\alpha},$ $a=1,$ $\ldots,$ $m$
, , $(E, X, D_{\triangle_{Q}})$ ,
$(\begin{array}{l}\dot{q}^{i}\dot{p}_{i}\end{array})=(\begin{array}{ll}0 1-l 0\end{array})(\begin{array}{l}-\frac{\partial L}{\partial q^{l}}v^{i}\end{array})+(\begin{array}{ll} 0\mu_{a} \omega_{i}^{a}(q)\end{array})$ ,
$p_{i}= \frac{\partial L}{\partial v^{i}}$ ,
$0=\omega_{i}^{a}(q)v^{i}$
.
. , , .
, $(q(t), v(t), p(t))$ $(E, X, D_{\Delta_{Q}})$ . ,
$\frac{d}{dt}(E(q(t), v(t),p(t))|_{P})=\langle\dot{p},$ $v \rangle+\langle p,\dot{v}\rangle-\frac{\partial L}{\partial q}\dot{q}-\frac{\partial L}{\partial v}\dot{v}$
$= \langle\dot{p}-\frac{\partial L}{\partial q},$ $v\}$
$=0$
, $E(q(t), v(t), p(t))|_{P}$ , $t$ . , $v=\dot{q}\in\triangle(q)$
$\dot{p}-\partial L/\partial q\in\Delta^{o}(q)$ , $p=\partial L/\partial v$ .
. . , , $\Delta_{Q}=TQ$ , $T^{*}Q$
$D$ , $z\in T^{*}Q$ , $\Omega$ ,
$D(z)=\{(v_{z}, \alpha_{z})\in T_{z}T^{*}Q\cross T_{z}^{*}T^{*}Q|\alpha_{z}(w_{z})=\Omega_{z}(v_{z}, w_{z}), \forall w_{z}\in T_{z}T^{*}Q\}$
. , $X(q, v,p)=(q,p,\dot{q},\dot{p})$
$\Omega((q,p, u_{1}, \alpha_{1}), (q,p, u_{2}, \alpha_{2}))=\langle\alpha_{2},$ $u_{1}\rangle-\langle\alpha_{1},$ $u_{2}\rangle$
, $(E, X, D)$ ,
$(X, dE|_{TP})\in D$
. ,
$\langle-\frac{\partial L}{\partial q},$ $u\rangle+\langle v,$ $\alpha\rangle=\langle\alpha,\dot{q}\rangle-\langle\dot{p},$ $u\}$
$u$ $\alpha$ . , $(u, \alpha)$ , $T_{(q,p)}T^{*}Q$
. $(u, \alpha)$ ,




. , , ,
$p= \frac{\partial L}{\partial v}$ (9)
, 3
$\frac{d}{dt}\frac{\partial L}{\partial\dot{q}}=\frac{\partial L}{\partial q}$
. . $(E, X, D)$
(7)$-(9)$ , , . , .
.
. . .
, $TQ\oplus T^{*}Q$ ,
$\mathfrak{F}(q, v,p)=\int_{t_{1}}^{t_{2}}\{L(q(t), v(t))+\langle p(t),\dot{q}(t)-v(t)\}\}dt$
. .
$\delta \mathfrak{F}=0$
(Yoshimura and Marsden $[2006b]$ ). , $q(t)$ , $\delta q(t_{1})=$
$\delta q(t_{2})=0$ . ,
$\delta \mathfrak{F}(q, v,p)=\delta\int_{t_{1}}^{t_{2}}\{L(q(t), v(t))+\langle p(t),\dot{q}(t)-v(t)\rangle\}dt$
$= \int_{1}^{t_{2}}\{(\dot{q}-v)\delta p+(-\cdot+\frac{\partial L}{\partial q})\delta q+(-p+\frac{\partial L}{\partial v})\delta v\}dt+p\delta q|_{t_{1}}^{t_{2}}$
$=0$
$\delta q,$ $\delta v$ $\delta p$ , .
$p= \frac{\partial L}{\partial v}$ , $\dot{q}=v$ , $\dot{p}=\frac{\partial L}{\partial q}$




. , . . ,
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, Coiirant[1990], Blankenstein and
van der Schaft [2001] . , $P=T^{*}G$
$D\subset TP\oplus T^{*}P$
, (Yoshimura and Marsden $[2007b]$ ).
.
$\mathfrak{F}$ $(g(t), v(t),p(t)),$ $t_{1}\leq t\leq t_{2}$ $G$ , , ,
. , $h\in G$ , $g(t)\in G,$ $v(t)\in T_{g(t)}G$
$p(t)\in T_{g(t)}^{*}G$ ,
$h\cdot(g(t), v(t),p(t))=(hg(t), T_{g(t)}L_{h}\cdot v(t), T_{hg(t)}^{*}L_{h^{-1}} .p(t))$
. , $T_{g(t)}L_{h}:T_{g(t)}Garrow T_{hg(t)}G$ $g(t)$ $h$ $L_{h}:Garrow G;g(t)\mapsto$
$hg(t)$ , $T_{1\iota g(t)}^{*}L_{h^{-1}}$ : $T_{g(t)}^{*}Garrow T_{hg(t)}^{*}G$ $T_{hg(t)}L_{h}-i$ : $T_{hg(t)}Garrow T_{g(t)}G$ .
, , $T^{*}G$ $G\cross \mathfrak{g}^{*}$ . ,
$\overline{\lambda}:T^{*}Garrow G\cross \mathfrak{g}^{*}$ : $\overline{\lambda}(p_{g})=(g, T_{e}^{*}L_{g}(p))$ .
, $TG$
$\lambda$ : $TGarrow G\cross \mathfrak{g}$ : $\lambda(v_{g})=(g, T_{g}L_{g}-1(v))$
, $G\cross \mathfrak{g}$ . , $TG\oplus T^{*}G$
$G$
$(TG\oplus T^{*}G)/G\cong V$
. , $V=\mathfrak{g}\oplus \mathfrak{g}^{*}$ . .
, $TT^{*}G\oplus T^{*}T^{*}G$ . ,
$TT^{*}G\oplus T^{*}T^{*}G\cong T(G\cross \mathfrak{g}^{*})\oplus T^{*}(G\cross \mathfrak{g}^{*})$
$\cong(G\cross \mathfrak{g}^{*})\cross(V\oplus V^{*})$ .
, $V^{*}$ $V$ , $V^{*}=\mathfrak{g}^{*}\oplus \mathfrak{g}$ . $G$ $h$ $(g, \mu, \xi, \rho, \nu, \eta)\in$
$(G\cross \mathfrak{g}^{*})\cross(V\oplus V^{*})$ , . ,
$h\cdot(g, \mu, \xi, \rho, \nu, \eta)=(h\cdot g, \mu, \xi, \rho, \nu, \eta)$
.
$TT^{*}G\oplus T^{*}T^{*}G$ $G$
$(TT^{*}G\oplus T^{*}T^{*}G)G\cong \mathfrak{g}^{*}\cross(V\oplus V^{*})$
.
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. $L$ . $\langle p(t),\dot{g}(t)-v(t)\}$
,
$\mathfrak{F}(g, v,p)=\int_{1}^{t_{2}}\{L(g(t), v(t))+\langle p(t),\dot{g}(t)-v(t)\}\}dt$
. , $TG\oplus T^{*}G$
$p= \frac{\partial L}{\partial v}$ , $\dot{g}=v$ , $\dot{p}=\frac{\partial L}{\partial g}$
.
, , $(TG\oplus T^{*}G)/G\cong$
$V$
$[ \mathfrak{F}]_{G}(\eta, \mu)=\int_{1}^{t_{2}}\{l(\eta(t))+\langle\mu(t), \xi(t)-\eta(t)\}\}dt$










$\mu=\frac{\partial l}{\partial\eta}$ , $\xi=\eta$ , $\dot{\mu}=ad_{\xi}^{*}\mu$
.
. $\overline{\lambda}$ : $P=T^{*}Garrow\overline{P}=G\cross \mathfrak{g}^{*}$ , , $\overline{\lambda}(p_{g})=(g, \mu=T_{e}^{*}L_{g}(p))$
, $\overline{P}$ 1 $\theta$ , $(g, \mu)\in G\cross \mathfrak{g}^{*}$ ,
$\theta(g, \mu)\cdot(v, \rho)=\mu(T_{g}L_{g^{-1}}v)$
. , $(v, \rho)\in T_{g}G\cross \mathfrak{g}^{*}$ . 2 $\omega=-d\theta$ , $(g, \mu)\in G\cross \mathfrak{g}^{*}$ ,
$\omega(g,$ $\mu)((v,$ $\rho),$ $(w,$ $\sigma))=\langle\sigma,$ $T_{g}L_{9^{-}}iv\rangle-\langle\rho,$ $T_{g}L_{g}-iw\rangle+\langle\mu,$ $[T_{g}L_{g}-iv,$ $T_{g}L_{g}-iw]\rangle$
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. , $(v, \rho),$ $(u),$ $\sigma)\in T_{g}G\cross \mathfrak{g}^{*}$ , (Abraharn and Marsden[1978]).
$\omega(X, Y)=-d\theta(X, Y)=-X[\theta(Y)]+Y[\theta(X)]+\theta([X, Y])$.
, $P=T^{*}G$
$D\subset TP\oplus T^{*}P$
, $\overline{\lambda}$ : $P=T^{*}Garrow\overline{P}=G\cross \mathfrak{g}^{*}$ , $\overline{P}$ $\overline{D}$ .
, $\overline{D}$ $(g, \mu)\in G\cross \mathfrak{g}^{*}$ ,
$\overline{D}(g, \mu)=\{((v, \rho), (\beta, \eta))\in(T_{g}G\cross \mathfrak{g}^{*})\cross(T_{g}^{*}G\cross \mathfrak{g})|$
$\langle\beta,$ $w\rangle+\langle\sigma,$ $\eta\rangle=\omega(g, \mu)((v, \rho), (w, \sigma))$ for all $(w, \sigma)\in T_{g}G\cross \mathfrak{g}^{*}\}$
.
. $\Phi$ : $G\cross\overline{P}arrow\overline{P}$ $G$ . ,
$\Phi_{h}(g,\mu)=(hg, \mu)$ .
, $h,$ $g\in G$ $\mu\in \mathfrak{g}^{*}$ . $G$ $\overline{D}$
$\overline{D}(hg, \mu)=\overline{D}(g, \mu)$
. , $(X, \alpha)\in\overline{D}$ ,
$(\Phi_{h}\cdot X, (\Phi_{h}^{*})^{-1}\alpha)\in\overline{D}$
, $\overline{D}$ $G$ .
. $\overline{D}$ $G$
$[\overline{D}]_{G}\cong DG\subset(TP\oplus T^{*}P)/G$
. , $[\overline{D}]_{G}$ , $P/G\cong \mathfrak{g}^{*}$
$TP/G\cong \mathfrak{g}^{*}\cross V$
, $P=T^{*}G$ $D$ .
, $\mu\in \mathfrak{g}^{*}$ , $[\overline{D}]c(\mu)$
$[\overline{D}]_{G}(\mu)=\{((\xi, \kappa), (\nu,\xi))\in V\oplus V^{*}|\nu+\kappa=ad_{\xi}^{*}\mu\}$
.
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. $L;TGarrow \mathbb{R}$ ,
$g,$ $h\in G$ $v\in T_{g}G$
$L(T_{g}L_{h}\cdot v)=L(v)$
. $TG\oplus T^{*}G$
$E(g, v,p)=\langle p,v\rangle-L(g, v)$
. $E$ $dE:TG\oplus T^{*}Garrow T^{*}(TG\oplus T^{*}G)$ ,
$dE=(g,v,p,$ $- \frac{\partial L}{\partial g},p-\frac{\partial L}{\partial v},$ $v)$
. $G$ $(TG\oplus T^{*}G)/G$ $T^{*}(TG\oplus T^{*}G)/G$ , $dE$
$[dE]_{G}$ : $(TG\oplus T^{*}G)/Garrow T^{*}(TG\oplus T^{*}G)/G$






$d\overline{E}:G\cross Varrow G\cross \mathfrak{g}^{*}\cross(V\oplus V^{*})$
, $d\overline{E}$ , $d\overline{E}$ $G$ , ,
$[d\overline{E}]_{G}:Varrow V\cross \mathfrak{g}^{*}\cross V^{*}$
, $(\eta, \mu)\in V$ ,
$[d\overline{E}]_{G}(\eta, \mu)=(\eta,$ $\mu,$ $0,$ $\mu-\frac{\partial l}{\partial\eta},$ $\eta)$
. , $l:\mathfrak{g}arrow \mathbb{R}$ , $\lambda$ : $TGarrow G\cross \mathfrak{g}$
, $\overline{L}=L\circ\lambda^{-1}$ : $G\cross \mathfrak{g}arrow \mathbb{R}$ , $l=\overline{L}|\mathfrak{g}=[\overline{L}]_{G}$ .
. $\mathbb{F}\overline{L}$ : $G\cross \mathfrak{g}arrow G\cross \mathfrak{g}^{*}$ ,
$\mathbb{F}l:=[\mathbb{F}\overline{L}]_{G}:\mathfrak{g}arrow \mathfrak{g}^{*}$ ; $\eta\mapsto\mu=\frac{\partial l}{\partial\eta}$
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. , $[\overline{P}]_{G}=\mathbb{F}l(\mathfrak{g})\subset \mathfrak{g}^{*}$ .
, $[\overline{P}]_{G}$ , $[\overline{E}]_{G}$ 7’ , ,
$\frac{\partial\overline{E}}{\partial\eta}=\mu-\frac{\partial l}{\partial\eta}=0$
. , $[d\overline{E}|_{G}:Varrow \mathfrak{g}^{*}\cross(V\oplus V^{*})$ $[T\overline{P}]_{G}\subset \mathfrak{g}^{*}\cross V$
$[d\overline{E}]_{G}(\eta, \mu)|_{\mathfrak{g}\cross V}=(\mu, 0, \eta)\in \mathfrak{g}^{*}\cross V^{*}$
.
. $X$ : $TG\oplus T^{*}Garrow TT^{*}G$ , ,
$X(g, v,p)=(g,p,\dot{g},\dot{p})$
, $\dot{g}$ $\dot{p}$ $(g, v,p)$ . $X$ ,
$h\cdot X(g, v, p)=X(hg, T_{g}L_{h}\cdot v, T_{hg}^{*}L_{h}-1.p)$
. $TG\oplus T^{*}G\cong G\cross V$ , $\overline{X}:G\cross Varrow G\cross \mathfrak{g}^{*}\cross V$
. , $\overline{X}$ $[\overline{X}]_{G}$ : $Varrow \mathfrak{g}^{*}\cross V$, ,
$[\overline{X}]_{G}(\eta,\mu)=(\mu,$ $\xi,\dot{\mu})\in \mathfrak{g}^{*}\cross V$
. , $\xi$ $\dot{\mu}$ $(\eta,$ $\mu)$ .
. (6) ,
$(E, X, D)$ , $p_{g}=\mathbb{F}L(v_{g})\in P$ , $(g, v,p)\in TG\oplus T^{*}G$
$(X(g, v,p), dE(g, v,p)|_{TP})\in D(g,p)$
. $(E, X, D)$ , $(\eta, \mu)\in V$ ,
$([\overline{X}]_{G}(\eta, \mu), [d\overline{E}]_{G}(\eta, \mu)|_{\mathfrak{g}\cross V})\in[\overline{D}]_{G}(\mu)$
$([\overline{E}]_{G}, [\overline{X}]_{G}, [\overline{D}]_{G})$ . , $\mu=\mathbb{F}l(\eta)\in \mathfrak{g}^{*}$ . ,
$([\overline{E}]_{G}, [\overline{X}]_{G}, [\overline{D}]_{G})$
. , $V=\mathfrak{g}\oplus \mathfrak{g}^{*}$
$\mu=\frac{\partial l}{\partial\eta}$ , $\xi=\eta$ , $\frac{d\mu}{dt}=ad_{\xi}^{*}\mu$
.
156
(“ $\dot{\iota}n\cap nic$.al Dirac Sti ucture
$D$ $\Gamma I’ T^{*}G\oplus T^{s}T^{*}G$
$Lie\cdot\cdot Di’(xc$ Reduc tion
$T^{*}GG\cong \mathfrak{g}^{*}$ $\downarrow$ $TG\prime G\cong 9$
Reduced Dirac Stiucture





$(H,$ $X_{H},$ $D)$ . , $H$ : $T^{*}Garrow \mathbb{R}$ , $X_{H}$ : $T^{*}Garrow TT^{*}G$
$T^{*}G$ , , $D$ $T^{*}G$ . ,
$\dot{g}=\frac{\partial H}{\partial p}$ , $\dot{p}=-\frac{\partial H}{\partial g}$
. $(H, X_{H}, D)$ ,
$\mu\in \mathfrak{g}^{*}$ ,
$([\overline{X}_{H}]_{G}(\mu), [d\overline{H}]_{G}(\mu))\in[\overline{D}]_{G}(\mu)$
$([\overline{H}]c, [\overline{X}_{H}]c, [\overline{D}]c)$ . , $[\overline{X}_{H}|c=(\mu, \xi(\mu),\dot{\mu}),\overline{H}=H\circ\overline{\lambda}^{-1}:G\cross \mathfrak{g}^{*}arrow \mathbb{R}$
$[d\overline{H}]_{G}=(\mu, 0, \partial h/\partial\mu)$ . $h$ : $\mathfrak{g}^{*}arrow \mathbb{R}$ , $\overline{H}$ $\mathfrak{g}^{*}$
$h=\overline{H}|\mathfrak{g}^{*}=[\overline{H}]_{G}$ . , $V=\mathfrak{g}\oplus \mathfrak{g}^{*}$
$\xi=\frac{\partial h}{\partial\mu}$ , $\frac{d\mu}{dt}=ad_{\xi}^{*}\mu$
157








) . , $T(v)$ . Ebin and Marsden $[1969|$




. Marsden and Ratiu [1999] , Diffv $l(\mathfrak{D})$ ,




, (10) . , $\delta l\delta\xi$
$l(\xi)$ . , Marsden and Weinstein [1983] Clebsch
. , Cendra and Marsden [1987] , Clebsch
Lin .
, Holm, Marsden and Ratiu [1998] ,
. , , $a_{0}\in W^{*}$
$L_{a_{(\}}}$ : $TG\cross W^{*}arrow \mathbb{R}$ ,
$\delta\int_{t_{O}}^{t_{1}}l(\xi(t), a(t))dt=0$
158
. , $a(O)=a_{0}$ $a(t)=g^{-1}a_{0}$ , $\delta\xi=\dot{\eta}-[\xi,$ $\eta]$ $\delta a=-\eta a$
. , $W^{*}$ $W$ . , .
$\frac{d}{dt}\frac{\delta l}{\delta\xi}=-ad_{\xi}^{*}\frac{\delta l}{\delta\xi}+\frac{\delta l}{\delta a}$ $a$
. , : $W\cross W^{*}arrow \mathfrak{g}^{*}$
$0:W\cross W^{*}arrow \mathfrak{g}^{*}$ ; $(v, w)\mapsto vow:=\rho_{v}^{*}(w)$
, $\rho_{v}$ : $\mathfrak{g}arrow W$ ; $\xi\mapsto\rho_{v}(\xi):=v\xi$ .
. . ,





, , $a\in W^{*}$
$\delta a=-\eta a$
. , .
$\mu=\frac{\delta l}{\delta\eta}$ , $\xi=\eta$ , $\dot{\mu}=-ad_{\xi}^{*}\mu+\frac{\delta l}{\delta a}$ $\rangle$ $a$
.
. 2 , $\mathbb{R}^{3}$ $G=Diff(\mathfrak{D})$
. $X\in \mathfrak{D}$ ,
$x=\eta_{t}(X)\in \mathfrak{D}$
. , $\eta_{t}$ : $\mathfrak{D}arrow \mathfrak{D}$ . , , $G$
$x=\eta(X, t)$ . , $\eta_{t}(X)=\eta(X, t)$ .
2 , , , , $X$
V($X$ , $t$ ) $:= \frac{\partial\eta_{t}(X)}{\partial t}:=\frac{\partial}{\partial t}|_{X}\eta_{t}(X)=\frac{\partial x(X,t)}{\partial t}$
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2:
. , , , , $x$
,
$v(x, t):=V(X, t);=\frac{\partial}{\partial t}|_{x}\eta_{t}(X)=V(\eta_{t}^{-1}(x), t)$
. $v$ $t$ , $v_{t}(x):=v(x, t)$
.
( ) $(\eta,\dot{\eta})$ ( ) $v$
$v=\dot{\eta}\circ\eta^{-1}$ , $i.e.$ , $v_{t}=V_{t}\circ\eta_{t}^{-1}$
. , $V_{t}(X):=V(X, t)$ .
$\mathfrak{X}(\mathfrak{D})$ , $v\in \mathfrak{X}(\mathfrak{D})$
. $\mathfrak{X}(\mathfrak{D})$ Diff $(\mathfrak{D})$ , .
. , $[u, v]$
, $u,$ $v\in \mathfrak{X}(\mathfrak{D})$
$ad_{u}v=-[u, v]$
. , .
, $\mathfrak{X}(\mathfrak{D})^{*}:=\Omega^{1}(\mathfrak{D})\otimes$ Den $(\mathfrak{D})$ $\mathfrak{X}(\mathfrak{D})$ , 1 . ,
$\alpha\otimes m\in \mathfrak{X}(\mathfrak{D})^{*}$ , $\alpha\otimes m$ $u\in \mathfrak{X}(\mathfrak{D})$ $L^{2}$
$\langle\alpha\otimes m,$ $u\}=\int_{\mathfrak{D}}\alpha\cdot um$
. , $\alpha\cdot u$ 1 , $m$ . , $\mathbb{R}^{n}$
$m=d^{n}x$ .
$\langle ad_{u}^{*}(\alpha\otimes m),$ $v\rangle=-\int_{\mathfrak{D}}\alpha\cdot[u, v]m$
,
$ad_{u}^{*}(\alpha\otimes m)=(f_{u}\alpha+(div_{m}u)\alpha)\otimes m=f_{u}(\alpha\otimes m)$
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. , $div_{m}u$ $m$ $u$ . , $-C_{u}m=(div_{m}u)m$ .
$\rangle$ : $W\cross W^{*}arrow \mathfrak{X}(\mathfrak{D})^{*}$
$\langle\Psi Qa,$ $u\rangle=-\int_{\mathfrak{D}}\Psi\cdot f_{u}a$
. , $\Psi\in W$ $a\in W^{*}$ . , $W^{*}\subset \mathfrak{T}(\mathfrak{D})\otimes$Den $(\mathfrak{D})$
(Holm, Marsden and Ratiu [1998] ).
. $\rho$ $l$ : $\mathfrak{g}\cross W^{*}arrow \mathbb{R}$
$l( u, \rho)=\int_{\mathfrak{D}}\frac{1}{2}\rho u\cdot ud^{3}x=\frac{1}{2}\langle\rho u,$ $u\rangle$
. , $u\in \mathfrak{X}(\mathfrak{D})$ .
$\rho$ $u$ $\eta(t)$ (2 )
, ,
$\delta\int_{t_{1}}^{t_{2}}\int_{\mathfrak{D}}l(u, \rho)+p(1-\rho)+\langle\Pi$ , $v$ – $u$ $\}$ $d^{3}xdt=0$
. , $v$
$\delta v=\dot{w}-[v, w]$ $\delta(\rho d^{3}x)=-f_{w}(\rho d^{3}x)=-\nabla\cdot(\rho w)d^{3_{X}}$
. , $v=\dot{\eta}\circ\eta^{-1},$ $w=\delta\eta\circ\eta^{-1}\in \mathfrak{X}(\mathfrak{D})$ , $\rho\otimes d^{3}x\in W^{*}\subset \mathfrak{T}(\mathfrak{D})\otimes$ Den $(\mathfrak{D})$
.
, $p\in W$ $\Pi\otimes d^{3}x\in \mathfrak{X}(\mathfrak{D})^{*}$ , , ,
. , , , ,
$\delta\eta(x, t_{i})=0$ , for $x\in \mathfrak{D}$ ; $\delta\eta(x, t)\cdot n(x)=0$ , for all $t_{1}\leq t\leq t_{2}$
.
, ,
$\int_{t_{1}}^{t_{2}}\int_{\mathfrak{D}}(\frac{\delta l}{\delta u}-\Pi)\delta u+(\frac{\delta l}{\delta\rho}-p)\delta\rho+\delta p(1-\rho)+\langle\delta\Pi,$ $v-u\rangle+\langle\Pi,$ $\delta v\}d^{3}xdt=0$ ,
,
$\int_{1}^{t_{2}}\int_{\mathfrak{D}}(\rho u-\Pi)\delta u+(-\frac{1}{2}\Vert u\Vert^{2}+p)\cdot\nabla(\rho w)$
$+\delta p(1-\rho)+\langle\delta\Pi,$ $v-u\rangle+\langle\Pi,\dot{w}-[v, w]\}d^{3}xdt=0$
. ,
$\delta\rho=-\nabla\cdot(\rho w)$ $\delta v=\dot{w}-[v, w]$
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. , ,
$\int_{t_{1}}^{t_{2}}\int_{\mathfrak{D}}(\rho u-\Pi)\delta u+\delta p(1-\rho)+\langle\delta\Pi,$ $v-u\rangle$
$+\langle-\dot{\Pi}-$ $ad$: $\Pi+\rho\nabla(\frac{1}{2}|u|^{2}-p),$ $w\rangle d^{3}xdt=0$
$\delta u,$ $\delta p,$ $\delta\Pi$ $w_{t}(=\delta\eta_{t}\circ\eta_{t}^{-1})$ .
,
$\langle\frac{\delta l}{\delta\rho}0(\rho d^{3}x),$ $w \rangle=\int_{\mathfrak{D}}\frac{\delta l}{\delta\rho}\cdot f_{w}(\rho d^{3}x)$
$\int_{\mathfrak{D}}\frac{\delta l}{\delta\rho}\cdot\delta\rho d^{3}x=-\int_{\mathfrak{D}}(\frac{1}{2}\Vert u\Vert^{2}-p)\nabla\cdot(\rho w)=\int_{\mathfrak{D}}\langle\rho\nabla(\frac{1}{2}\Vert u\Vert^{2}-p),w\rangle d^{3_{X}}$
.
, , .
(1) $\Pi=\frac{\delta l}{\delta u}=\rho u$ : momentum density,
(2) $\rho=1$ : incompressibility constraint,
(11)
(3) $v=u$ : second-order vector field,










. $u$ $\eta_{t}$ ,
$u_{t}=\frac{d\eta_{t}}{dt}\circ\eta_{t}^{-1}$
. , $C_{t}:=\eta_{t}oC_{0}$ . , $C_{t}=C(u)$ .
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$C_{t}$ $I(t)$
$I(t)= \oint_{C(u)}u\cdot dx=\oint_{C(u)}\frac{1}{\rho}\cdot\frac{\delta l}{\delta u}=\oint_{C(u)}\frac{\Pi}{\rho}$





, $I(t)$ , , .
6
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